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Abstract
This article gives a classi/cation, up to symplectic equivalence, of singular Lagrangian foliations given
by a completely integrable system of a four-dimensional symplectic manifold, in a full neighbourhood
of a singular leaf of focus–focus type. ? 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction
In the study of completely integrable Hamiltonian systems, and more generally for any dy-
namical system, /nding normal forms is often the easiest way of understanding the behaviour of
the trajectories. Normal forms generally deal with a local issue. However, the locality here de-
pends on one’s viewpoint: one can be local near a point, an orbit, or any invariant submanifold.
If F =(H1; : : : ; Hn) is a completely integrable system on a 2n-symplectic manifold M (meaning
that {Hj;Hi}=0), several normal forms hold:
• Near a point m where dHj(m); j=1; : : : ; n are linearly independent, one can construct
Darboux–Caratheodory coordinates: a neighbourhood of m is symplectomorphic to a neigh-
bourhood of the origin in R2n with its canonical coordinates (x; ), in such a way that
Hj −Hj(m)= j.
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• If c is a regular value of F , one has near any compact connected component c of F−1(c)
the Liouville–Arnold theorem which states that the system is symplectomorphic to a neigh-
bourhood of the zero section of T ∗(Tn) in such a way that there is a change of coordinates 
in Rn such that F ◦=(1; : : : ; n). Here, Tn is the torus Rn=2Zn and the cotangent bundle
T ∗(Tn) is equipped with canonical coordinates (x; ).
The /rst one is typically a local normal form, while I would refer to the Liouville–Arnold
theorem as a semi-global result, for it classi/es a neighbourhood of a whole invariant La-
grangian leaf c. These two statements above are now fairly standard. They can be extended
in diGerent directions: (a) trying to globalise: what can be said at the level of the whole /-
bration of regular /bres c? This of course involves more topological invariants, as described
in Duistermaat’s paper [4] and (b) including critical points, which is the main incentive for
this article.
A Morse–Bott like theoretical study of critical point of completely integrable Hamiltonian
systems exists, which yields a local symplectic classi/cation of non-degenerate singularities
(see [5]). These results have been used by Nguyeˆn Tieˆn Zung [8] (extending previous results
by Fomenko) to obtain a topological semi-global classi/cation of the singular foliation. This
work does not give the corresponding smooth symplectic classi/cation, where new semi-global
invariants show up, as demonstrated in the “one degree of freedom” (1-D, i.e. n=1) case by
Dufour et al. [3]. The point of our present article is to extend the results of [3] to the 2-D case
of focus–focus singularities. Note that our arguments could easily be applied in the 1-D case,
thus supplying for the lack of proofs in [3].
Between the pure topological classi/cation of the singular foliation and the “exact” symplectic
classi/cation, some other interesting notions of equivalence have been introduced (see e.g. [1]),
which are all weaker than what we shall present here.
The semi-global viewpoint seems to be able to shed some new light in semi-classical mechan-
ics, where a quantum state is associated to a Lagrangian submanifold. Quantum states associated
to singular manifolds have a particularly rich structure, strongly linked to the local (for this,
see [11]) and semi-global symplectic invariants of the foliation. We expect to return on this in
a future paper.
2. Statement of the result
In this article, (M;!) is a four-dimensional symplectic manifold, equipped with the symplectic
Poisson’s bracket {·; ·}. Any smooth function H on M gives rise to a Hamiltonian vector /eld
denoted by XH.
The word smooth always means of C∞ category and a function f is said >at at a point m
if f and all its derivatives vanish at m.
Denition 2.1. A map F =(H1; H2) de/ned on some open subset U of M with values in
R2 is called a momentum map if dF is surjective almost everywhere in U and
{H1; H2}=0.
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Denition 2.2. A singular Liouville foliation F is a disjoint union of connected subsets of M
called leaves for which there exists a momentum map F de/ned in some neighbourhood  of
F such that the leaves of F are the connected components of the level sets F−1(c), for c in
some open subset of R2.
The total space of the foliation is also denoted by F. The above de/nition implies that F
is an open subset of M .
Denition 2.3. Let m∈F. The maximum of the set {rank(dF(m)); F de/ning F} is called the
rank of m. m is called regular if its rank is maximal (=2). Otherwise it is called singular.
If m is a regular point, then there is an open neighbourhood of m in which all points
are regular, and if F1 F2 are associated momentum maps near m, one has F1 =’ ◦ F2, for
some local diGeomorphism ’ of R2 (these facts come from the local submersion
theorem).
Note that the condition {H1; H2}=0 implies that the leaves are local Lagrangian manifolds
near any regular point. However, the foliation near a regular leaf (= a leaf without any singular
point) is not the most general Lagrangian foliation (which would be de/ned as a foliation
admitting locally associated momentum maps), since the latter does not necessarily admit a
global momentum map (see [12]).
In what follows, the word “Liouville” is often omitted. If m∈F, we denote by Fm the leaf
containing m.
Denition 2.4. A singular Liouville foliation F is called of simple focus–focus type whenever
the following conditions are satis/ed:
1. F has a unique singular point m;
2. the singularity at m is of focus–focus type;
3. the leaf Fm is compact.
The leaf Fm is called the focus–focus leaf.
Recall that the second condition means that there exists a momentum map F =(H1; H2) for
the foliation at m such that the Hessians of H1 and H2 span a subalgebra of quadratic forms
that admits, in some symplectic coordinates (x; y; ; ), the following basis:
q1 = x+ y; q2 = x− y: (1)
This implies that focus–focus points are isolated, which ensures that the above de/nition is
non-void. Note that focus–focus singularities are one of the four types of singularities of Morse–
Bott type in dimension 4, in the sense of Eliasson [6].
Denition 2.5. Two singular foliations F and F˜ in the symplectic manifolds (M;!) and (M˜ ; !˜)
are equivalent if there exists a symplectomorphism ’ :F→ F˜ that sends leaves to leaves.
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Denition 2.6. Let F and F˜ be singular foliations in M , and m∈F ∩ F˜ such that Fm= F˜m.
The germs of F and F˜ at Fm are equal if and only if there exists a saturated neighbourhood
 of Fm in F such that F ∩= F˜ ∩.
The classi/cation of germs of Liouville foliations near a compact regular leaf is given by the
Liouville–Arnold theorem that asserts that they are all equivalent to the horizontal /bration by
tori of T ∗Tn. The presence of singularities imposes more rigidity, and we have the following
theorem (which is natural in view of [3]):
Theorem 2.1. The set of equivalence classes of germs of singular Liouville foliations of focus–
focus type at the focus–focus leaf is in natural bijection with R<X; Y =0; where R<X; Y = is the
algebra of real formal power series in two variables; and R<X; Y =0 is the subspace of such
series with vanishing constant term.
This formal statement does not contain the most interesting part of the result, which is the
geometric description of the power series involved (it is essentially the Taylor series of a
regularisation of some action integral). The rest of the paper is devoted to this description—
which is the “⇒” sense of the theorem, and to the proof of the “⇐” sense, for which we
provide a normal form corresponding to any given power series in R<X; Y =0.
The articles ends up with a sketchy argument as to how the result can be extended to handle
the case of several focus–focus points in the singular leaf.
3. The regularised action
Let F be a singular foliation of simple focus–focus type. Then in some neighbourhood U
of the focus–focus point m, the following linearisation result holds [5]: there exist symplectic
coordinates in U in which the map (q1; q2) (de/ned in (1)) is a momentum map for the foliation.
Notice therefore that, contrary to what the picture of Fig. 1 may suggest, Fm is diGeomorphic
near m to the union of two two-dimensional planes transversally intersecting at m. Let A be a
point in Fm ∩U\{m}, and " be a small two-dimensional surface transversal to the foliation at
A, and  be the open neighbourhood of Fm consisting of leaves intersecting ". In what follows,
we restrict the foliation to .
Let F˜ be a momentum map for the whole foliation F satisfying the hypothesis of De/nition
2.4. In a neighbourhood of "; F˜ and q=(q1; q2) are regular local momentum maps, hence
q=’◦ F˜ , for some local diGeomorphism ’ of R2. Now let F =’◦ F˜ . It is a global momentum
map for F that extends q. We denote F =(H1; H2) and c=F−1(c).
Near m, the Hamiltonian Uow of q2 is 2-periodic, and—assuming U to be invariant with
respect to this Uow—the associated S1-action is free in U\{m}. Since this action commutes
with the Uow of H1, the H2-orbits must be periodic of primitive period 2 for any point in a
(non-trivial) trajectory of XH1 . On the leaf Fm=0, these trajectories are homoclinic orbits for
the point m, which implies that the Uow of H2 generates an S1-action on a whole neighbourhood
of Fm (see [10] for details).
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Fig. 1. Construction of the “periods” $j(c).
For any point A∈c; c a regular value of F , let $1(c)¿ 0 be the time of /rst return for
the XH1 -Uow to the XH2 -orbit through A, and $2(c)∈R=2Z the time it takes to close up this
trajectory under the Uow of XH2 (see Fig. 1). These times are independent of the initial point
A on c.
For any regular value c of F , the set of points (a; b)∈R2 such that aXH1 + bXH2 has a
1-periodic Uow on c is a sublattice of R2 called the period lattice [4]. The vector /elds
$1XH1 +$2XH2 and 2XH2 both de/ne 1-periodic Uows, hence ($1; $2) and (0; 2) form a Z-basis
of the period lattice (see Remark 3.3). As we shall see, the classi/cation we are looking for
relies on the behaviour of this basis as c tends to 0. One immediate fact is that the cycle
associated to XH2 shrinks to a point (vanishing cycle). On the other hand, the coeVcients of
the /rst vector /eld display a logarithmic divergence, as stated in the following proposition.
Proposition 3.1. Let ln c be the some determination of the complex logarithm; where
c=(c1; c2) is identiAed with c1 + ic2. Then the following quantities
(1(c)= $1(c) +R(ln c);
(2(c)= $2(c)− I(ln c)
extend to smooth and single-valued functions in a neighbourhood of 0. The diBerential 1-form
(:=(1dc1 + (2dc2
is closed.
Proof. As before, let U be the neighbourhood of m found using Eliasson’s result, with canonical
coordinates (x; y; ; ). In U , we use the complex coordinates z=(z1; z2) with z1 = x + iy and
z2 = + i, so that q1(z) + iq2(z)= Wz1z2. The Uow of q1 is
(z1(t); z2(t))= (etz1(0)); e−tz2(0); (2)
while the Uow of q2 is the S1-action given by
(z1(t); z2(t))= eit(z1(0); z2(0)): (3)
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Fix some small +¿ 0. Then, the local submanifolds "u= {z1 = +; |z2| small} and "s= {|z1|
small; z2 = +; } are transversal to the foliation c= {(z1; z2); Wz1z2 = c}; therefore, the intersections
A(c):="u ∩c and B(c):="s ∩c are smooth families of points.
The S1-orbits of "u=s form two small hypersurfaces transversal to the Uow of q1;
therefore one can uniquely de/ne $A;B1 (c) as the time of /rst hit on "s for the XH1 -Uow
starting at A(c) (and hence Uowing outside of U ), and $A;B2 (c) as the time it takes to /-
nally reach B(c) under the XH2 -Uow. $
A;B
1 (c) and $
A;B
2 (c) are smooth functions of c in a
neighbourhood of 0.
Interchanging the roles of A and B—and thus of "u and "s, the times $
B;A
j (c) for j=1; 2
are de/ned in the same way. However, since the corresponding Uows now take place inside U ,
where a singular point occur, $B;Aj (c) is not de/ned for c=0. On the other hand, Eqs. (2) and
(3) yield the following explicit formula:
$B;A1 (c) + i$
B;A
2 (c)= ln
z1(A)
z1(B)
= ln z1(A) Wz2(B)− ln Wc= ln +2 − ln Wc: (4)
Writing now
$1(c) + i$2(c)= ($
A;B
1 (c) + $
B;A
1 (c)) + i($
A;B
2 (c) + $
B;A
2 (c))
using (4), and the fact that ln Wc= ln|c| − i arg c, we obtain that
(1(c) + i(2(c)= $
A;B
1 (c) + i$
A;B
2 (c) + ln +
2;
which proves the /rst statement of the proposition.
Let us show now that for regular values of c the 1-form $1(c)dc1 + $2(c)dc2 is closed. For
this we /x a regular value c0 and introduce the following action integral, for c in a small ball
of regular values around c0:
A(c):=
∫
-c
.; (5)
where . is any 1-form on some neighbourhood of c in M such that d.=! (which always
exists since c is Lagrangian), and c→ -c is a smooth family of loops on the torus c with the
same homology class as the trajectory of the joint Uow of (H1; H2) during the time ($1(c); $2(c)).
A simple argument (see for instance [10, Lemma 3:6]) shows that @A(c)=@cj=
∫
-c
0j, where
0j is the closed 1-form on c de/ned by 1XHi 0= 2i; j. In other words, the integral of 0j along
a trajectory of the Uow of Hj measures the increase of the time tj along this trajectory. This
means that
dA(c)= $1(c)dc1 + $2(c)dc2 (6)
and thus proves the closedness of the right-hand side.
Another way of proving this fact would be to apply the Liouville–Arnold theorem, which
ensures that any 1-form adc1 + bdc2, where a, b depend smoothly on c near a regular value,
such that (a; b) is in the period lattice, is closed (see Remark 3.3).
Adding the fact that ln (c)dc is closed as a holomorphic 1-form, we obtain the closedness of
( at any regular value of c, and hence at c=0 as well.
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Remark 3.1. From this proposition, one easily recovers the result of [9] stating that the mono-
dromy of the Lagrangian /bration around a focus–focus /bre is generated by the matrix
(
1 1
0 1
)
.
Notice that the function c→ (2(c) is de/ned modulo the addition of a /xed constant in 2Z.
We shall from now on assume that (2(0)∈ [0; 2[. This amounts to choosing the determination
of the complex logarithm in accordance with the determination of $2.
Denition 3.1. Let S be the unique smooth function de/ned in some neighbourhood of 0∈R2
such that dS=( and S(0)=0. The Taylor expansion of S at c=0 is called the symplectic
invariant of Theorem 2.1. It is denoted by (S)∞.
Remark 3.2. Using Eq. (6), one can interpret S as a regularised action integral:
S(c)=A(c)−A(0) +R(c ln c − c):
Remark 3.3. Formula (6) de/nes the 1-form $= $1dc1 + $2dc2 independently of the choice of
the coordinate system (c1; c2). Another (standard) way of viewing this is the following. First let
B be the set of regular leaves of F, and  be the projection (which is a Lagrangian /bration)
F
→B. The choice of a particular semi-global momentum map F :=(H1; H2) for the system
(near a Lagrangian leaf c:=−1(c), for some c∈B) is equivalent to the choice of a local
chart 3 for B near c: F =3 ◦ .
Then for each c∈B, T ∗cB acts naturally on c by the time-1 Uows of the vector /elds
symplectically dual to the pull backs by  of the 1-forms in T ∗cB. This action extends to a
Hamiltonian action in a neighbourhood of c if and only if we restrict to closed 1-forms on B.
(In the local coordinates (c1; c2) of B given by the choice of a momentum map F =(H1; H2),
the constant 1-forms dc1, dc2 act by the Uows of XH1 , XH2 , respectively.)
The stabiliser of this action form a particularly interesting lattice in T ∗cB, which is another
representation of the “period lattice” [4]. It is the main point of the Liouville–Arnold theorem to
show that, as c varies, the points of this lattice are associated to closed 1-forms, called period
1-forms. (Indeed, in action-angle coordinates, the period 1-forms have constant coeVcients.)
In our case, the period lattice is computed using a local chart given by Eliasson’s theorem.
First, we see that this lattice has a privileged direction given by the S1-action of q2. Then,
we construct a “minimal” basis of this lattice by choosing the generator of this S1-action (i.e.
2dc2) together with the smallest transversal vector $ that has positive coeVcients on dc1 and
dc2. This is what we have done in this section.
4. Uniqueness
In order to show that the above invariant (S)∞ is indeed symplectic and uniquely de/ned by
the foliation, we need to prove that it does not depend on any choice made to de/ne them. A
priori, (S)∞=(S)∞(F; 4) depends on the foliation F and on the choice of the chart 4 that puts
a neighbourhood of the focus–focus point m into normal form. It follows from the de/nition
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that if ’ is a symplectomorphism sending F to F˜, then (S)∞(F˜; 4˜)= (S)∞(F; 4˜ ◦ ’). So
(S)∞ is well de/ned as a symplectic invariant of F if and only if, for any choice of two chart
4 and 4′ putting a neighbourhood of m into normal form, (S)∞(F; 4)= (S)∞(F; 4′). This is
guaranteed by the following lemma:
Lemma 4.1. If ’ is a local symplectomorphism of (R4; 0) preserving the standard focus–focus
foliation {q:=(q1; q2)= const} near the origin; then there exists a unique germ of diBeomor-
phism G : R2 → R2 such that
q ◦ ’=G ◦ q (7)
and G is of the form G=(G1; G2); where G2(c1; c2)= +2c2 and G1(c1; c2)− +1c1 is >at at the
origin; with +j=± 1.
Remark 4.1. This uniqueness statement about Eliasson’s normal form does not appear in [5].
Proof of Lemma 4.1. The existence of some unique G satisfying (7) is standard (because the
leaves of the focus–focus foliation are locally connected around the origin). What interests us
here are the last properties. As before, we use the complex coordinates (z1; z2)∈C2 =R4, and
c= Wz1z2 ∈C=R2. Let 2¿ 0 be such that ’ is de/ned in the box B= {|z1|6 22; |z2|6 22}.
Since the Uow of q2 is 2-periodic, (7) implies that the Hamiltonian vector /eld @1G2Xq1 +
@2G2Xq2 is also 2-periodic (with 2 as a primitive period). However, on 0 the only lin-
ear combinations of Xq1 and Xq2 that are periodic are the integer multiples of Xq2 . Hence
@1G2(0)=0 and @2G2(0)=± 1.
The Uow of q1 on 0 is radial: any line segment ]0; A[ for some A∈0 is a trajectory. Then,
by (7) its image by ’ must be a trajectory of G1 ◦ q. Since ’ is smooth at the origin, the
image of ]0; A[ for A∈B close enough to 0 lies in some proper sector of the plane 6 ⊂ 0
containing ’(A) (6 is either {z1 =0} or {z2 =0}). However, the only linear combinations of
Xq1 and Xq2 which yield trajectories that are con/ned in a proper sector of 6 are the multiples
of Xq1 . Hence @2G1(0)=0. It follows now from the previous paragraph that @1G1(0) =0 (since
G is a local diGeomorphism).
’ preserves the critical set of q; since left composition of ’ by the symplectomorphism
(z1; z2)→ (−z2; z1) leaves (7) unchanged (except for the sign of G1), we may assume that each
“axis” ({z2 =0} and {z1 =0}, respectively) is preserved by ’. But then {z2 =0} is the local
unstable manifold for both q1 and G1(q1; q2), which says that @1G1(0)¿ 0.
Using (2) and (3), it is immediate to check that the joint Uow of (q1; q2) taken at the joint
time (−ln|c=2|; arg c) sends the point ( Wc; 2) to the point (2; c), and hence extends to a smooth
and single-valued map  from a neighbourhood of (0; 2) to a neighbourhood of (2; 0).
’−1 ◦  ◦ ’ sends a neighbourhood of ’−1(0; 2)= (0; a) to a neighbourhood of ’−1(2; 0)=
(b; 0) and, because of (7), it is equal—in the complement of the singular leaf 0—to the joint
Uow of G ◦q at the joint time (−ln|c=2|; arg c), which is equal to the joint Uow of q at the joint
time
(−@1G1 ln|c=2|+ @1G2 arg c;−@2G1 ln|c=2|+ @2G2 arg c):
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Since ’−1 ◦  ◦ ’ is smooth at the origin, we obtain by restricting the /rst component of this
map to the “PoincarYe” surface {( Wc; a) with c near 0 in C} that the map:
c→ exp((1− @1G1) ln|c|+ @1G2 arg c+ i((@2G2 − 1) arg c − @2G1ln|c|)) (8)
is single-valued and smooth at the origin. (We have factored out the terms exp(@jG1 ln 2),
j=1; 2, which are obviously smooth.)
The single-valuedness of (8) implies that @1G2 ≡ 0 and @2G2 ∈Z. Hence, @2G2 =± 1.
Now the smoothness of (8) says that the following two functions
c→ (1− @1G1) ln|c| and c→ −@2G1 ln|c|
are smooth at the origin, which easily implies that (1 − @1G1) and @2G1 are Uat at the origin,
yielding the result.
Suppose we de/ne two semi-global invariants (S)∞(F; 4) and (S)∞(F; 4˜) by choosing two
diGerent charts 4 and 4˜ which put a neighbourhood of the focus–focus point into normal form.
As before, one de/nes the momentum maps F and F˜ , which are the extensions to F of q ◦ 4
and q ◦ 4˜, and computes the corresponding period 1-forms $ and $˜. Then, we can invoke the
lemma to ’= 4˜ ◦ 4−1, and the conclusions apply to G= F˜F−1.
Suppose that +j=1, j=1; 2, i.e. G is in/nitely tangent to the identity. Then, the same type
of arguments as above (a logarithm cannot compete against a Uat term) shows that, since the
vector /elds XHj and XH˜ j are in/nitely tangent to each other, $ and $˜ must diGer by a Uat term.
Actually, since by Remark 3.3 G∗$˜ is also a period 1-form associated with the momentum map
F , one has $=G∗$˜. This implies that ((c)= $(c) +R(ln cdc) and (˜=(G−1)∗( diGer by a Uat
form, hence (S)∞(F; 4)= (S)∞(F; 4˜).
If +2 = − 1, it suVces to compose with the symplectomorphism (x; ) → (−x;−), which
sends (q1; q2) to (q1;−q2) and leaves ( invariant (both (2 and dc2 change sign). An analogous
remark holds with the symplectomorphism (z1; z2)→ (−z2; z1), which sends (q1; q2) to (−q1; q2)
and leaves ( invariant, while changing the sign of +1.
5. Injectivity
Let F and F˜ are two singular foliations of simple focus–focus type on the symplectic manifolds
(M;!) and (M˜ ; !˜). Assume that they have the same invariant (S)∞(F)= (S)∞(F˜)∈
R<X; Y =0. We shall prove here that F and F˜ are semi-globally equivalent, i.e. there exists a
foliation preserving symplectomorphism between some neighbourhoods of the focus–focus leaves.
For each of the foliations F and F˜, we choose a chart of Eliasson’s type around the focus–
focus point, and thus de/ne the period 1-forms $ and $˜ on (R2 \{0}; 0). The hypothesis implies
that there is a smooth closed 1-form =1dc1 + 2dc2 on (R2; 0) whose coeVcients are Uat
functions of c at the origin such that
$˜= $+ :
Lemma 5.1. One can chose symplectic charts of Eliasson’s type at the focus–focus points in
such a way that =0; i.e.
$˜= $:
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Proof. (1) We /rst prove that there exists a local diGeomorphism G of (R2; 0) isotopic to the
identity such that (G−1)∗$= $˜. We wish to realise G as G1 where Gt is a Uow satisfying
G∗t ($+ t)= $:
This amounts to /nding the associated vector /eld Yt which must satisfy
d(1Yt($+ t))=− :
We can write =dP for some smooth function P which is Uat at 0. Assume we look for a
/eld Yt of the form Yt =ft(c)@=@c1. We obtain the following equation:
ft(c)=
−P(c)
$1(c) + t1
=
−P(c)
ln|c| − (1(c) + t1 :
Since P is Uat at 0, the right-hand-side is indeed a (Uat) smooth function depending smoothly
on t, and the result is proved.
(2) Notice also that G is in/nitely tangent to the identity, and moreover leaves the second
variable c2 unchanged. Now we show that for any diGeomorphism G of (R2; 0) sharing these
properties (which are those of Lemma 4.1) there exists a symplectomorphism 4 near the focus–
focus point m such that
G(q1; q2) ◦ 4=(q1; q2):
Here, again we seek 4 as the time-1 map of the Uow of some vector /eld Xt . Of course, we
shall look now for a Hamiltonian vector /eld Xt =Xft to ensure the symplecticity of 4t . Then,
the requirement
4∗t qt = q0;
where qt =(qt;1; qt;2)
def= tG(q1; q2) + (1− t)(q1; q2), leads to the following system:
{ft; qt;1}= g1;
{ft; qt;2}=0
with (g1; 0)= (q1; q2)−G(q1; q2). By hypothesis g1 is a Uat function at the origin, and the fact
that {qt;1; qt;2} ≡ 0 implies that {g1; qt;2}=0. Moreover, the quadratic part of qt is q0, so we
know (see [5]) that such a system admits a solution ft .
It remains to put all our remarks together: Point (2) shows that left composition by 4 of the
Eliasson chart we have chosen at m is again an admissible chart of Eliasson’s type, yielding the
new momentum map G(q1; q2). Using the G obtained at Point (1) and in view of the naturality
property (Remark 3.3), the new period 1-form (denoted by $ again) satis/es $= $˜.
We are now in position to construct the required equivalence. Applying the lemma we get
a local symplectomorphism that allows us to identify some neighbourhoods U and U˜ of the
focus–focus points m and m˜, and two momentum maps F and F˜ (both equal to (q1; q2) inside
their respective neighbourhoods of the focus–focus points) which de/ne the same closed 1-form
( on (R2; 0). We denote c=F−1(c) and ˜c= F˜
−1
(c).
Let U be an open ball strictly contained in U , let "u ⊂ U be a transversal section as de/ned
in the proof of Proposition 3.1, and construct in the same way "˜u for the foliation F˜ (so
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that "u and "˜u are identi/ed by the above symplectomorphism). Reduce F (and F˜) to the
neighbourhoods of the focus–focus leaves composed of the leaves intersecting "u (or "˜u).
We construct our equivalence by extending the identity outside U. Let x∈c \ U, and de/ne
t(x)∈ ]0; $1(c)[ to be the smallest time it takes for the point "u ∩c to reach the XH2 -orbit of
x. (Recall that H2 generates an S1 action.) Now de/ne s(x)∈R=2Z as the remaining time to
/nally reach x under the XH2 -Uow. To this x we associate the point x˜∈ F˜ obtained from the
point "˜u ∩ ˜c by letting the joint Uow of F˜ act during the times (t(x); s(x)). This map—let
us call it 9—is well de/ned because of the equality $= $˜. It is a bijection since the inverse
is equally well de/ned just by interchanging the roles of F and F˜. Between U and U˜ , 9 is
a symplectomorphism since through Eliasson’s charts, it is just the identity. Concerning now
the symplecticity of 9 in the complement of the singular points, one can prove it for c =0
(which is suVcient by continuity) by invoking the Liouville–Arnold theorem, which shows
that 9 is symplectically conjugate to a translation in the /bres. Then, the symplectic property
near the singular points implies that this translation must be symplectic everywhere. A similar
argument using the less sophisticated Darboux–CarathYeodory theorem would also do. However,
the simplest is may be the following. It is clear from the construction that 9 is equivariant
with respect to the joint Uows of our Hamiltonian dynamics:
∀(t1; t2); 9 ◦ ’t1;t2 = ’˜t1;t2 ◦9; (9)
where ’t1;t2 and ’˜t1;t2 are the joint Uows of F and F˜ at the joint time (t1; t2). Using (9) together
with the fact that ’˜t1;t2 is symplectic, we see that ’
∗
t1;t2(9
∗!˜)=9∗!˜; in other words, 9∗!˜ is
invariant under the joint Uow ’t1;t2 . Since ! has the same property, so has 9∗!˜ − !. Since
9∗!˜−!=0 near m, it must vanish as well on the whole F.
6. Surjectivity
We prove here that any formal power series (S)∞ ∈R<X; Y =0 is the symplectic invariant—
in the sense of De/nition 3.1—of some Liouville foliation of simple focus–focus type. More
precisely, we construct a foliation F together with a local chart 4 that puts a neighbour-
hood of the focus–focus point into normal form such that (using the notation of Section 4)
(S)∞=(S)∞(F; 4). Another proof of this result has been proposed by Castano–Bernard [2].
Using the same notations as before, we let (q1; q2)= Wz1z2 be the standard focus–focus /bration
R4  C2 → C  R2 de/ned in (1). The joint Uow will be denoted by ’t1;t2 .
Invoking Borel’s construction, let S ∈C∞(R2) be a function vanishing at the origin and
whose Taylor series is (S)∞. We shall denote by S1, S2 the partial derivatives @X S and @Y S,
respectively.
Let us de/ne two “PoincarYe” surfaces in C2 by means of the following embeddings of the
ball D+=B(0; +) ⊂ C, for some +∈ ]0; 1[:
61(c)= ( Wc; 1);
62(c)= (eS1(c)+iS2(c); ce−S1(c)+iS2(c)):
Notice that for each c, the points 6j(c), j=1; 2 belong to the (non-compact) Lagrangian sub-
manifold c:={ Wz1z2 = c}. 6j(D+), j=1; 2 are smooth two-dimensional manifolds constructed in
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such a way that for any c =0, 62(c) is the image of 61(c) by the joint Uow of (q1; q2) at the
time (S1(c)− ln |c|; S2(c) + arg(c)).
Let  be this diGeomorphism, de/ned on all 6j(D+) by the embeddings:
61(D+) and 62(D+) are transversal to the Lagrangian foliation, and  can be extended uniquely
to a diGeomorphism between small neighbourhoods of 61(D+) and 62(D+) requiring that it
commute with the joint Uow:
(’t1;t2(m))=’t1;t2((m)): (10)
Lemma 6.1.  is a symplectomorphism.
Proof. One can write  in terms of 61 and 62 and check the result by explicit calculation.
However, the reason why it works is the following:
Since we already know that  is smooth, it is enough to prove the lemma outside of the sin-
gular Lagrangian 0. So /x c0 =0; we can construct a Darboux–CarathYeodory chart (x; )∈R4
in a connected open subset of c0 containing both 61(c0) and 62(c0). In these coordinates,
the momentum map is (1; 2) and the Uow is linear: ’t1;t2 is the translation by (t1; t2) in the x
variables.
Through this chart,  is by construction a “/bre translation”:
(x; )= (x + f(); ); (11)
where
f()= (S1(); S2()) + (ln||;−arg()): (12)
Now, it is easy to check that (11) de/nes a symplectomorphism if and only if the 1-form
f1()d1 + f2()d2
is closed. In our case the closedness is automatic since S1dX + S2dY =dS.
Let "j, j=1; 2 be the S1-orbit of 6j(D+). Construct a four-dimensional cylinder C by letting
the q2-Uow take "1 to "2, namely
C:=
⊔
c∈D+\{0}
Cc;
where Cc ⊂ c is the two-dimensional cylinder spanned by ’t1;t2(61(c)), for (t1; t2)∈ [0; S1(c)+
ln|c|]× [0; 2]. Finally, let M be the symplectic manifold obtained by gluing the two ends "j
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Fig. 2. Construction of the symplectic manifold M .
of the cylinder C using the symplectomorphism  (Fig. 2). Since  preserves the momentum
map (q1; q2), the latter yields a valid momentum map F on M . The corresponding Lagrangian
foliation F−1(c) is given by Cc with its two ends identi/ed by . In particular, all leaves are
compact and the foliation is of simple focus–focus type.
The S1 action is unchanged, while the transversal period ($1(c); $2(c)) on F−1(c) is by
construction the time it takes for the joint Uow to reach 62(c) from 61(c), i.e.
($1(c); $2(c))= (S1(c)− ln|c|; S2(c) + arg(c)):
Then by De/nition 3.1 the symplectic invariant of the foliation is given by the Taylor expansion
of the primitive of the 1-form S1dc1 + S2dc2 vanishing at 0, i.e. (S)∞.
7. Further remarks
Multiple focus–focus. Assume now that the singular /bre 0 carries k focus–focus points
m0; : : : ; mk−1. Then 0 is a k-times pinched torus, and Theorem 2.1 can be generalised. In this
case, the regularisation of the action integral S must take into account all the singular points.
In order to do this, one has to consider k − 1 local invariants, which are also formal power
series in R<X; Y =, and which measure the obstruction to construct a semi-global momentum map
that is in Eliasson normal form simultaneously at two diGerent singular points. Here follows a
sketch of the argument.
Let F be a semi-global momentum map. At each point mj one has a local normal form
F ◦ ’j=Gj(q1; q2). Due to Lemma 4.1, one can extend q2 to a periodic Hamiltonian on a
whole neighbourhood of 0, and one can always assume that ’j is orientation preserving—this
means we /x once and for all the sign of the +j. If now F if of the form (H1; q2), then Gj takes
the form Gj(q1; q2)= (Fj(q1; q2); q2). By the implicit function theorem, Fj is locally invertible
with respect to the variable q1. Let (Fj)−1 be this inverse, and de/ne Gi;j=(Fi)−1Fj. Again
by Lemma 4.1, the Taylor expansions of Gi;j are invariants of the foliation.
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Fig. 3. The multi-pinched torus.
Assume the points mi are ordered according to the Uow of H1, with indices i∈Z=kZ. Similarly
to the case k=1, one can de/ne a regularised period 1-form ( by the following formula:
(:=
k−1∑
i=0
(G−10 Gi)
∗((i; i+11 (c)dc1 + (
i; i+1
2 (c)dc2) (13)
with
(i; i+11 (c)= $
i; i+1
1 (c) +R(ln c);
(i; i+12 (c)= $
i; i+1
2 (c)− I(ln c); (14)
where ($i; i+11 (c); $
i; i+1
2 (c)) are the smallest positive times needed to reach Ai+1(c) from Ai(c)
under the Uow of (Gi)−1 ◦ F—which is the momentum map (q1; q2) in the normal form co-
ordinates near point Ai (Fig. 3). Here, we have chosen a point Ai(c) in a PoincarYe section of
each local stable manifold near mi. Of course, (
i; i+1
j (c) depends heavily on the choice of Ai
and Ai+1, but the sums appearing in (13) does not, and the resulting 1-form ( is closed. Notice
that the de/nition of ( depends on the choice of a start point m0. Thus, we are here classifying
a singular foliation with a distinguished focus–focus point m0.
Let (S)∞ be the Taylor series of the primitive of ( vanishing at the origin. Then,
(S)∞ and the k − 1 ordered invariants (Gi; i+1)∞ are independent and entirely classify a
neighbourhood of the critical /bre 0 with distinguished point m0. The arguments of the
proof are similar to the ones of the case k=1. An abstract construction of a foliation
admitting a given set of invariants is proposed in Fig. 4. There the local pictures are described by
canonical coordinates, respectively, given by (q1; q2), (G1;2(q1; q2); q2), (G1;2(G2;3(q1; q2);
q2); q2), etc., and the gluing diGeomorphisms i; i+1 are constructed as in Section 6
using the following functions, respectively: S0;1 = S1;2 = · · ·= Sk−2; k−1 =0 and S0; k−1 is a
resummation of (S)∞.
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Fig. 4. Multiple gluing.
Remark 7.1. We can regard the reduced space 0=S1 as a cyclic graph G whose vertices are
the focus–focus points mi, and which is oriented by the Uow of H1. For each edge [i; i+1] one
can de/ne a 1-form
(i; i+1:=(G−10 Gi)
∗((i; i+11 dc1 + (
i; i+1
2 dc2)∈1(D)
(for some /xed small disc D around the origin in R2). This de/nes a 1-cocycle on G with values
in the vector space 1(D). If one varies the points Aj, this cocycle is easily seen to change by
a coboundary; hence the set of {(i; i+1} naturally de/nes a well-de/ned cohomology class on G.
With the same argument as in the case k=1 (i.e. essentially Arnold–Liouville’s theorem) this
class is closed, in the sense that the cochain {(i; i+1}, modulo some coboundary, can be chosen
to consist only of closed 1-forms. Hence, we end up with a class [(]∈H 1(G; H 1(D)). Since G
is homeomorphic to a circle, H 1(G; H 1(D))  H 1(D) and [(] is represented by the de Rham
cohomology class of the closed 1-form (=
∑
(i; i+1 de/ned in (13).
Now, the functor that produces Taylor series of 1-forms can be applied to the coeVcients
of this cochain, yielding a cocycle with values in formal closed 1-forms and whose class is
represented by the diGerential of our invariant (S)∞.
“Exact” version. If one intends to extend the results to a semi-classical setting, general
symplectomorphism do not suVce: one needs to control the action integrals (in the standard
semi-classical pseudo-diGerential theory, a potential . for the symplectic form: d.=! is part
of the data). In view of Remark 3.2, this is naturally done by including the constant term in
the Taylor series of S as being the integral
S0:=
∫
-0
.;
where -0 is the generator of H1(0).
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